


DYNAMICS OF CHARGED SPHERICAL CLUSTERS
IN A SELF-CONSISTENT FIELD



Abstract
This study investigates non-stationary self-consistent single-component charge systems that interact intensively with their own field. Classical collisionless systems are considered, which are described by a kinetic equation utilizing motion integrals that remain valid in the absence of stationarity. The concept of the "Meshchersky integral" is introduced, used alongside the Kapchinsky integral. Furthermore, a number of quantum mechanical systems are examined. In this case, the study reduces to solving complex non-stationary Schrödinger equations. Only when the orbital angular momentum is zero does the studied system exhibit spherical symmetry. The conditions are identified under which the charge density remains spherically symmetric even when the angular momentum is nonzero. States with half-integer angular momentum present particular complexity.
The psi-function has a spinorial nature. Solutions are found where the charge density remains spherically symmetric.

Keywords: integrals of motion, schrödinger equation, orbital angular momentum. 
Introduction
Describing the dynamics of a non-stationary single-component ensemble of charged particles is a rather complex problem. The Kapchinsky model is widely used (see, for example, [1, 2, and 3]), where various examples of electron beam behavior have been studied. The distribution function of a collisionless system is taken as a function of the integrals of motion—the angular momentum relative to the longitudinal axis and the bilinear invariant obtained by solving the linearized oscillation equation relative to the beam axis—essentially the Kapchinsky-Vladimirsky integral. A specific choice of the distribution function allows one to achieve a uniform particle density within the beam and solve the self-consistent equations for the potential components.

In this study, the behavior of spherically symmetric clusters is examined. For describing radial motion, the Kapchinsky-Vladimirsky integral will be is used, and an alternative approach associated with the Meshchersky integral (see [4, 5, and 6]) will also be is proposed. It should be noted that the term used here is somewhat conditional—I. V. Meshchersky generally did not employ (see [4]) either the Lagrangian or Hamiltonian formalism. In the case of the Kapchinsky model, the constancy of density is a key requirement (the force acting on a charge is proportional to the deviation from equilibrium). However, in the Meshchersky model, there is no such restriction.




Also of particular interest is the study of quantum-mechanical systems whose state determines their self-field. States with orbital angular momentum  are considered, as well as states  characterized by a spherically symmetric charge density distribution. Notably, for half-integer values of orbital angular momentum, important special solutions have been found in which the charge density does not depend on angular coordinates.

In the final section, the stationary state  of the system is examined. This section clarifies the meaning of a state with a negative squared angular momentum L=−1/4, where the inertial force directed toward the center can be compensated by the force arising from the system’s own spatial charge.


Kapchinsky Model 
The equations of motion for a charged particle in spherical coordinates are given as follows:


												(1.1)

												(1,2)

													(1.3)


Here,  – represents the projection of the total angular momentum onto the z-axis, and  – denotes the square of the total angular momentum. The parameter m corresponds to the mass of the particle.
The third integral of motion, known as the Kapchinsky-Vladimirsky integral, is expressed as follows:

										(1.4)

where  satisfies the equation:

													(1.5)

Here,  represents the emittance.





For a spherical cluster of radius  with constant density, the function  can be determined from the equation , where  is the charge,  is the total number of particles in the cluster.
The phase volume element is given by:





 where    

Calculating , we obtain:

		 	(1.6)	Comment by  : Need ) after M

Due to the spherical symmetry of the system, the distribution function should not depend on . Then, equation (1.6) can be rewritten as:

							 	(1.7)



where   is the Heaviside function. Equation (1.7) is satisfied by a  function of the form:


									 	(1.8)


For the coefficient, the following expression can be obtained:  






Expression (1.8) defines the distribution function that satisfies the positive definiteness condition for,  If the distribution function is assumed to be independent of , then an integral equation for  can be derived, which does not admit a positively definite solution. The expression for the integral of motion  allows for both positive and negative values of . Taking this into account, the current density can be expressed as: 








    The continuity equation is satisfied, and the total number of particles  is conserved. It should be noted that it is impossible to satisfy the condition of constant density if the distribution is assumed to be independent of  or if =. 

Meshchersky Model





When considering a non-stationary system, we transition from the Hamiltonian  to the invariant  (the "Meshchersky integral"), which remains conserved under a specific dependence of the potential function on  and .
The Hamiltonian of the studied spherically symmetric system is given by:


										(2.1)






Here,  where  is the distance from the center of the system and  represents the square of the total angular momentum. Using the Hamiltonian expression, the invariant can be derived as follows:


								 	(2.2)


It is convenient to proceed to new variables. Let us define  .



Next, we consider the case when  In this case,  and  Expression (2.2) then takes the form:



The density of particles is expressed by the integral in the phase space:

												(2.3)
The phase space element, as in the previous section, has the form:







  however, now:    Averaging over  leads to the expression:  In the variables  the Poisson equation takes the form:


						(2.4)


For both sides of equation (2.4) to depend on  in the same manner, the distribution function must include a factor proportional to . In this regard, let us consider the question of the "conjugate" integral of motion associated with I.

Let us define:  


There are two groups of particles: those moving toward the center and those moving away from the center. For particles moving away from the center, the integral  is conserved. For particles moving toward the center, the integral  is conserved. Next, we consider the case of particles moving away from the center. In this case,



							 	(2.5)

Here, is the normalization coefficient.




If the condition  is satisfied, then in the Poisson equation, only , appears as an independent variable. Next, let us denote 
Then, from the Poisson equation, it follows that:

					 	(2.6)
Equations (2.6) describe the dynamics of the cluster in non-stationary variables.




The constant  is determined by the problem parameters –  and charge
:  From (2.6), it follows that:

												(2.7)





From this equation, it can be seen that when , then , and if , then the quantity  is equal to the total charge of the studied system in the variables .






The total charge of the shell remains constant over time, while as a function of , the charge inside a sphere of radius  decreases and, as , approaches the value . This system was solved under the following conditions: 

 




Fig. 1. Dependence of the potential , the total charge inside a sphere of radius  (II), and the function  (III).




The particle density and current density can be expressed as: These expressions satisfy the continuity equation 


It should be noted that the total charge of the cluster remains finite as  –

In the first two sections, kinetic models of particle distributions in a self-consistent field are considered.
Subsequently, quantum-mechanical systems will be studied, taking into account their own fields.


Quantum-mechanical system. l=0.
Apparently, for the first time, the Schrödinger equation with the Hamiltonian corresponding to the "Meshchersky model" was studied in work [7].
In the presence of spherical symmetry and with a zero orbital angular momentum, the Hamiltonian of such a system can be written as:

								 	(3.1)


If we introduce new independent variables  and represent the sought function as:





Here, , for  the equation can be obtained as:

			(3.2)

 




If we introduce new independent variables  and represent the sought function as  (here, ), then, for  the equation can be obtained as:

			(3.3)


It is possible, further, to apply the separation of variables when . Let us assume . We obtain the equation:

								(3.4)


In this equation, the dot represents the derivative with respect to , and the prime represents the derivative with respect to .





Next, let us assume  where  is a real quantity. In this case, the charge density dependence on  will take the form .








[bookmark: _Hlk193208846]Next, let us assume . We will search for a solution in the form: and will search for a solution in the form: where  and  are real functions. Instead of , we introduce the variable :  From equation (3.4), the following relationships follow:

							(3.5)


These equations must be supplemented by the Poisson equation. The charge density is given by: where  is the characteristic particle density. In the presence of spherical symmetry, we obtain the equation:

									(3.6)


Let us introduce dimensionless quantities:  let  The system can then be written as:

						 	(3.7)



In Fig. 2, the results of solving the system (3.7) are shown. Curve I shows the behavior of the charge density as a function of the self-similar variable . Curve II shows the behavior of the potential function . Curve III shows the behavior of the auxiliary function .


Fig. 2. Behavior of the charge density (I), potential function (II), and auxiliary function  (III).

States with angular momentum l=1
The state of a quantum system with a nonzero angular momentum in a central field is described by the Schrödinger equation:

							 	(4.1)


Here,  Let  In this case,



 where  – The square of the total angular momentum. When , the equation contains derivatives with respect to the angular variables, which indicates the absence of spherical symmetry in the studied state. This is an important factor for systems with their own field.





Next, let us consider the case when  and introduce a function  via the relation , where we will study a non-stationary system described by a potential of the form . We obtain:

					(4.2)

Here, $\xi(t)$ is a function that satisfies the equation:  


 is the self-field potential, and  represent the coordinates of the spherical system.


Let us introduce new variables: ,. Then, equation (4.2) takes the form:

						(4.3)



We perform the following transformation, let us assume:  where  For , the equation follows:

			(4.4)

When solving the self-consistent problem with l=1, it is convenient to introduce the function  

. We obtain: 

				 	(4.5)

In (4.5) let us assume In this case:


			  	(4.6)

In this case, the charge density is given by the expression:  



In the case of , the angular part of the psi-function can be treated as a state with spin one, described by a column vector:  


Correspondingly,  is a row vector .


Let us assume:  With this choice of representation, 

and the charge density, defined by the product , does not depend on the angles:
In this case, the equation for the potential can be written as:


										(4.7)


Here,  is the coupling constant. Next, let us assume:  We obtain the system of equations:


							 	(4.8)

								 	(4.9)




Instead of , we introduce the variable : Let us denote  Then, the system takes the form:


										(4.10)

										 	(4.11)

										 	(4.12)

Equation (4.11) can be rewritten as:  and equation (4.13) as:



. ThenAssuming, we obtain the equation:

													(4.13)
Equation (4.10) is conveniently rewritten as:

													(4.14)
and (4.11) as:

													(4.15)
That is, we have the system (4.13) - (4.15).






In Figures 3 and 4, the results of solving the system (4.13), (4.14), and (4.15) are shown. The initial conditions were based on the relations:     It was assumed that . The dependence  is characterized by the presence of sharp and narrow maxima, the charge density rapidly oscillates and tends to zero, while the potential decreases monotonically.



Fig. 3. Dependence of the potential (I) and charge density (II) on the self-similar variable 

.

Fig. 4. Dependence . 


States with angular momentum  









Unlike the previous section, let us now consider the case when  . As in the previous case, let us assume . We introduce a function  via the relation  where the potential is also represented as the product of a function of the angles and a function of   Further, the conditions will be defined under which  We can obtain:


					 	(5.1)

Let us introduce new variables: . Then, equation (5.1) takes the form:

						(5.2)



Next, let us introduce , assuming  where  
We obtain:

				 	(5.3)


The charge density is given by: where  satisfies the equation:

								 	(5.4)


Instead of the variable  we introduce  and the equation takes the form:


										 	(5.5)

Next, we will take into account the spinorial nature of the psi-function  and represent $Y$ as a column vector:


 correspondingly,  is a row vector. 






. The projections of the angular momentum onto the coordinate axes are given by:  The dependence of the density on the angles is determined by the product , and in the chosen representation, it does not depend on the : =


Since the charge density does not depend on , the potential also does not depend on  


Using the variable  instead of , we obtain:

						 	(5.6)


[bookmark: _Hlk193211552]Here,  is the charge density. In the case of interaction with the self-field,  is the coupling constant.



Complete separation of the radial function from the angular function can be achieved if the following conditions are met:    is the constant. From (5.6), we can obtain:

									 	(5.7)

Excluding  from these relations, we obtain the equation:

											(5.8)

This equation has the integral:  






Let us introduce the function  Then, the expression for the integral takes the form:  From this relation, it follows that for  we have  At the same time, for  we obtain  From (5.6), the following equation follows:

										(5.9)
In equation (5.3), let us make the substitution:

										 	(5.10)



where  is a real quantity, and  are real functions. By assuming  we obtain the system: 

								(5.11)

								 	(5.12)







Equation (5.9) (with the substitution of  for ) along with (5.11) and (5.12) form a closed system describing non-stationary dynamics. Instead of , we introduce the dimensionless variable , Let us denote  Then, the system takes the form:

											(5.13)

												(5.14)

										 	(5.15)


It is convenient to introduce the function . Equation (5.14) can then be written as:  Then, equation (5.15) transforms into:

									 	(5.16)



The results of solving the system (5.13), (5.14), and (5.16) are presented in Fig. 5. The conditions  were used. The solution is characterized by the oscillatory behavior of the function  and the monotonic decrease of the potential and the function  
 




Fig. 5. Dependencies of  (II), potential  (I), and function  (III).



States with angular momentum  






Unlike the previous section, let us now consider the case when  . As in the previous case, let us assume  We introduce a function  via the relation  where the potential is also represented as the product of a function of the angles and a function of  We obtain:

							(6.1)

Let us introduce new variables:  Then, equation (6.1) takes the form:

				(6.2)


 Next, let us introduce , by assuming  We obtain:

			 	(6.3)

The charge density is given by: , where Y satisfies the equation:

									(6.4)



Instead of the variable , we introduce  then, the equation takes the form:

												(6.5)


Next, we will take into account the spinorial nature of the psi-function  and represent  as a column vector:



  , correspondingly,  is a row vector.







 The dependence of the density on the angles is determined by the product , and in the chosen representation, it does not depend on the angle  The potential is represented as the product of a function of the radius and a function of the angular variables. Since the charge density does not depend on , the potential also does not depend on :   


Using the variable  instead of , we obtain: 

								(6.6)


Complete separation of the radial function from the angular function can be achieved if the following conditions are met:=constant) and  
From (6.5), we can obtain:

									 	(6.7)

Excluding  from these relations, we obtain the equation:


										 	(6.8)






This equation has the integral:  Let us introduce the definition:  Then, from this relation , for  it follows that  Furthermore, it also follows that , and that the charge density distribution is spherically symmetric.
From (6.6), the following equation follows:

									 	(6.9)
In equation (6.3), let us make the substitution:

										 	(6.10)


where E is a real quantity, and  are real functions. By assuming  we obtain the system: 

							 	(6.11)

									(6.12)





Equation (6.9) (with the substitution of  for ) along with (6.11) and (6.12) form a closed system describing non-stationary dynamics. Instead of , we introduce the dimensionless variable  Let us denote  Then, the system takes the form:

											(6.13)

											 	(6.14)

											(6.15)


When solving this system, it was assumed that  and the boundary conditions used were: .

The results of solving the system are presented in Fig. 6 and Fig. 7. Notably, in Fig. 7, it can be observed that the total charge changes slowly, whereas  oscillates around a linearly increasing function.



Fig. 6. Charge density (I) and potential dependence (II) on the self-similar variable s.

   


Fig. 7. Dependence of (I) and dependence of (II).

Aspects related to the study of states in which the interaction of charges with their own field plays a significant role at various values of angular momentum have been investigated in works [8], [9].
 

Stationary System in Its Own Field

In classical mechanics, the angular momentum is a real quantity, and negative values of its square have no physical meaning. However, in quantum mechanics, the situation is different—if the orbital angular momentum is l=−1/2, then the square of the angular momentum is L=−1/4. This fact implies that the inertial force acting on the charge is directed toward the center of the system. With a spherically symmetric charge distribution, an equilibrium state is possible, in which the inertial force is balanced by the repulsive force from the system's own charge. This work further explores the feasibility of such a state.


The Schrödinger equation in spherical coordinates is given by:


							 	(7.1)

Here, 


Next, we will look for a particular solution, where 


In this case,  where  is the square of the total angular momentum.



In this section, a stationary problem is solved, where  is determined by the own charge and does not depend on time. Furthermore, we will also represent the potential as a product:  For  we obtain: 

						 	(7.2)




The charge density  is included in the equation for the potential . In the case of interaction with the own field,  is the coupling constant, and  satisfies the equation:

									(7.3)


Instead of the variable , we introduce  and the equation takes the form:

									 	(7.4)






Next, we will take into account the spinorial nature of the psi-function  and represent  as a column vector , where are real functions. Correspondingly,  is a row vector 





The projections of the angular momentum onto the coordinate axes are given by: The dependence of the charge density on the angles is determined by the product , and in the chosen representation, it does not depend on the angle  Consequently, the potential  also does not depend on .


Using the variable  instead of , we obtain:

								(7.5)

Complete separation of the radial function from the angular function can be achieved if the following conditions are met:  From (7.4), we can obtain:

							(7.6)

Excluding  from these relations, we obtain the equation:

							(7.7)

Setting the imaginary part to zero, we find that 
The equation then takes the form

										(7.8)

This equation has the integral: 


Let us introduce the definition:  Then, 




From this relation, the dependence can be determined. However, for  a particular special solution exists: . It also follows that:  and that the charge density distribution is spherically symmetric. From (7.5), the following equation follows:

										 	(7.9)
In equation (7.2), let us make the substitution:

											 	(7.10)

where E is a real quantity, and  are real functions. We obtain the system:

									(7.11)

												(7.12)





From (7.12), it follows that  i.e.,  Instead of r we introduce the dimensionless variable  the constant  takes the form: 

where e is the elementary charge, and  is an arbitrary unit energy. In dimensionless variables, the system takes the form:

									(7.13)

									 	(7.14)

This system can be supplemented by the equation for , the total charge inside a sphere of dimensionless radius s:

													(7.15)

Let us introduce new variables We obtain the system:


								(7.16)

										 	(7.17)

The initial conditions
The equation for the total charge now takes the form:

											 (7.18)

where the presence of  ensures the possibility of performing the calculation.











We present the solution to this system for different values of the parameters . In Fig. 8, the results of the calculations are shown for , in this case,. In Fig. 9, the results of the system solution are shown for  The initial conditions in this case are  In both Fig. 8 and Fig. 9, curve I represents , curve II represents the potential  and curve III represents the charge . 



Fig. 8. Dependence of the potential, charge density, and total charge on t for 


Fig. 9. Dependence of the potential, charge density, and total charge on t for 


Let us compare these results with the case when 

In this case, it turns out that  and the system of equations takes the form:

									(7.19)

												(7.20)


In this case, a solution of the form  where  is a real quantity as in the previous case, is not possible. From the general ideas, it follows that there is no solution to this system because a stationary state does not exist.



We also present the solution to the system (13), (14), and (15) in the case of  Let us introduce the function assuming 

										 	(7.21)

										(7.22)

													(7.23)







The initial conditions for this system are:  The solution for these initial conditions and for  is shown in Fig. 10. The variable  was used. Curve I represents , where  is the Bessel function of the zero order, curve II shows the dependence , and curve III represents the potential 







Fig. 10. Dependence of the potential  (curve I), potential  (curve II), and total charge  (curve III) for 







Using the asymptotic expansion of the Bessel function for large argument values, we obtain . Substituting this expression into (23) shows that the total charge  increases linearly with , while the potential , for sufficiently large , satisfies the relation: . These results are reflected in Fig. 10.

Conclusion


Thus, the work presents a series of particular solutions for nonlinear non-stationary systems interacting with their own field in the case of spherically symmetric charge density distributions. A special case is also considered, where the negative square of the angular momentum  occurs, and the inertial force, directed toward the center of the system, can be compensated by the force from the system's own charge.
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