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ABSTRACT 

	Engineering structures continuously accumulate damage during their service life due to various factors, making effective damage identification and health monitoring a vital necessity. Addressing the inaccurate localization issue of traditional flexibility-based damage identification methods under slight or multiple structural damages, this paper proposes a novel structural damage identification method based on the flexibility difference curvature matrix. Utilizing the modal information of the structure before and after damage, the flexibility difference matrix is first calculated, and then differentiated once by column and by row to obtain the flexibility difference curvature matrix. The main diagonal elements are extracted to form a column vector (δ FCMD) as the damage detection index. Taking an engineering beam as an example, numerical simulations are conducted on simply supported and fixed-ended beams under single and multiple element damage conditions. Comparative analysis with existing flexibility indices, such as flexibility difference (δ F), rate of flexibility diagonal (RFD), and change in uniform load surface curvature (ULSC), shows that the δ FCMD index requires only the first few low-order modes of the structure. It can not only accurately locate single and multiple damages but also effectively evaluate the severity of the damage based on the magnitude of the curve mutation. Its comprehensive performance is significantly superior to other comparative indices.
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1. INTRODUCTION

Important engineering structures get damage during their use. Structural damage causes serious engineering accidents. We must identify structural damage. Scholars summarized the research progress of the flexibility method [1]. Scholars compared methods about static and dynamic flexibility [2]. Pandey and Biswas first proposed using changes in the flexibility matrix to find structural damage [3]. Later, Pandey and others proposed the curvature mode shape method [4]. The flexibility method has many big advantages. We can get the flexibility matrix accurately through static tests or dynamic tests. Structural flexibility is very sensitive to structural damage. The most basic flexibility method calculates the flexibility change amount before and after damage. Researchers use the change amount to find structural damage. But this method has a natural defect. Displacement is a cumulative amount. The place with the biggest displacement change does not always equal the damage location. To solve this problem, this paper proposes a new method. This paper proposes a structural damage identification method. It uses the flexibility difference curvature matrix. This paper calculates the flexibility difference matrix. It uses the modes before and after structural damage. This paper differentiates the matrix. This paper extracts the main diagonal elements as the index for damage identification.

2.  Constructing a Modal-Based Flexibility-Curvature Matrix

Flexibility is a sensitive damage identification index. Zhang and others studied the structural damage detection method in detail. They used the flexibility matrix [5]. We calculate the flexibility matrix using frequencies and mode shapes. We get a reliable flexibility index through a few low-order modal parameters：

 



is the matrix of normalised vibration modes for mass and  is a diagonal matrix composed of the squares of the natural angular frequencies of each order. The element in the r row and j column of the flexibility matrix  is expressed as follows




In the formula, m represents the total number of extracted vibration modes;  is the natural frequency of the i-th mode; the element  represents the modal displacement of the i-th mode at the j-th degree of freedom. As demonstrated in the above formula, the reliable flexibility index can be calculated using a small number of low-order modal parameters.


However, due to various factors, such as the testing environment, instruments or methods, some degrees of freedom cannot be observed. For example, it is generally difficult to measure the vibration component of the structural rotation degree of freedom. Nevertheless, the damage identification method based on low-order modal flexibility indicators does not require the position or quantity of the measurement points to be very precise, and the flexibility matrix can be calculated using only the vertical vibration mode components of the measured nodes. This makes it much more convenient for actual measurement. In the vicinity of the structural damage point, the flexibility values will change significantly. Calculating the second derivative of the coordinate position, i.e. the curvature of the flexibility difference curve, makes the degree of change more obvious. The local extreme values of the calculated curve can be used directly to identify the location of the damage. Based on this, this paper proposes constructing the flexibility difference curvature matrix using two intermediate differences from the flexibility difference matrix  The specific calculation steps are as follows
1) Matrix of the difference in structural flexibility before and after the damage




In the formula,  and  represent the flexibility and difference matrices for the flexibility matrices before and after damage, respectively.
2) 

For matrix , which was obtained in the first step and represents the flexibility difference, perform column-wise differences and calculate the resulting matrix .
3) 


Then, perform row differences on matrix , obtained in the first step, to calculate the curvature matrix after two rounds of differences and denote it as . For a symmetric, linear, elastic structure, matrix  is a symmetric, square matrix.
4) 
The column vector formed by the diagonal elements of the flexibility difference curvature matrix  in the order of nodes is taken as the damage detection index δ FCMD (δ Flexibility Curvature Matrix Diagonal), that is







In the aforementioned equation,  is defined as the diagonal term of ,  is referred to as the diagonal vector of the flexibility difference curvature matrix, and  represents the i-th diagonal element of the  matrix. The index is utilised for the purpose of damage detection in the i-th degree of freedom (or observation point). The δ FCMD index value is directly proportional to the node position, with each node possessing a unique index value. The magnitude of the index value is indicative of the extent of the flexibility difference change subsequent to structural damage. In the event of local damage to a structure, the local stiffness of the structure is known to decrease, whilst the local flexibility is known to increase. Furthermore, the curvature of the flexibility difference at the damage location is also known to increase. In the event of the curvature of the flexibility difference (δ FCMD) at two adjacent nodes being significantly greater than that of the other nodes, it can be deduced that the element between these two points is the damaged element.
In the process of damage identification, a two-dimensional curve is plotted, the function of which is to depict the flexural difference curvature, designated as δ FCMD, as a function of the nodes (or elements). The location of the damage will be indicated by the point of the curve's abrupt change. Concurrently, an assessment of the extent of the damage can be made on the basis of the magnitude of the curve's abrupt change.

3. Comparison with other stiffness methods

In order to compare the effects of the δ FCMD index with those of other indices, Chen et al. proposed a methodology for the identification of damage to beam structures, which involved the integration of multiple indicators [6].
The present study aims to evaluate the relative merits and drawbacks of the δ FCMD index by comparing and analysing it with the following flexibility indicators:
The present study aims to evaluate the relative merits and drawbacks of the δ FCMD index by comparing and analysing it with the following flexibility indicators:
1) Flexibility difference: The absolute value of the maximum element in each column of the flexibility difference matrix is taken as the damage index, denoted as δ F (δ Flexibility) in the following text. Its expression is as follows


2) Flexibility change rate: The damage index is defined as the ratio of the diagonal elements of the flexibility difference matrix to the diagonal elements of the original flexibility matrix. This ratio is denoted as RFD (Rate of Flexibility Diagonal) in the following text. Its expression is


3) Uniform Load Surface Curvature Difference: This indicator integrates the flexibility difference method and the curvature mode method. Firstly, the flexibility matrices are summed up for each column before and after the damage along the rows. Then, the difference in curvature between these two column matrices is taken as the damage indicator. This indicator is denoted as ULSC (Change in Uniform Load Surface Curvature) in the following text.
4) The flexibility difference curvature is as follows: The curvature obtained by the deformation field (δF) is used as the damage indicator, which is referred to as the flexibility curvature (δFC) in the following text. Its expression is


5) The flexibility curvature ratio is a key metric in this field. The ratio of the curvature obtained from the main diagonal elements of the flexibility difference matrix to the curvature of the main diagonal elements of the original flexibility matrix is utilised as the damage identification index. This ratio is denoted as RFCD (Rate of Flexibility Curvature Diagonal) in the following text.


4. INumerical simulation process

For some damages in actual engineering structures, such as the formation of cracks and material corrosion, they generally cause significant changes in the structural stiffness or the elastic modulus of the material, but have a relatively small impact on the quality of the structure. In numerical simulation calculations, it is assumed that the damage of the element only leads to a decrease in the element's stiffness, without causing any changes in other properties of the element, such as the element's mass. The damage of the element can be simulated by reducing the element's elastic modulus.
In the context of damage identification research, the engineering beam structure beam is simplified into a planar bar system structure. The utilisation of distinct unit numbers facilitates the emulation of varying amounts of measurement data. Each node exclusively considers the vertical flexibility value. The finite element analysis software is utilised to conduct modal analysis prior to and following structural damage, with the objective of extracting the initial natural frequencies and modes of the structure. It is evident from the derivation process outlined above that the flexibility difference curvature matrix (δ FCMD) can be utilised to derive a curve. This curve can then be compared and analysed with the multiple flexibility indicators previously mentioned.
The beam's length is precisely 2 meters, the concrete's strength grade is designated as C50, the elastic modulus is measured at 34.5 GPa, the Poisson's ratio is 0.167, the cross-sectional dimensions are specified as 200mm × 400mm, and the material density is determined to be 2500 kN/m3. The beam is discretised into 100 elements. The node numbers and element numbers are specified as 1-101 and 1-100 from left to right.
[image: ]
Figure 1 Finite element model
The first condition to be considered is that of a simply supported beam. The second condition to be considered is that of both ends being fixed. The subsequent figures illustrate the relationship between the horizontal axis, which denotes the node number of the element, and the vertical axis, which represents the index value.

4.1 Single unit damage

It is hypothesised that a single element, designated as element 40, has been subject to damage, resulting in a 20% reduction in its elastic modulus. Element 40 is located between nodes 40 and 41. In the two distinct working conditions previously referenced, the flexibility difference, denoted by δF, the rate of flexibility change, denoted by RFD, the curvature ratio of flexibility, denoted by RFCD, and the vector, denoted by δFCMD, composed of the diagonal elements of the flexibility difference matrix, can be calculated based on the first three modal parameters of the structure. The curves of the changes in these four indicators are demonstrated in Figures 2 and 3, respectively. As illustrated in Figure 2, a single damaged element is depicted in a simply supported beam, while Figure 3 illustrates a single damaged element in a fixed-supported beam.

As demonstrated in Figures 2(a), 2(b), 3(a), and 3(b), it is evident that for both simply supported beams and fixed-ended beams, the δ F and RFD indicators signify the damaged elements of the beam in the form of the maximum value. While the positions are found to be accurate, it is also observed that the δ F and FCMD values of the undamaged elements at the corresponding nodes are comparatively large and do not approach zero. However, it is a general rule that the curve has only one maximum value. In instances where the beam exhibits multiple damaged elements, the identification of their precise location can be challenging.
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	(a) Stiffness difference δ F
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	(b) Flexibility change rate RFD
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	(c) Flexibility curvature ratio RFCD
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	(d) Flexibility difference curvature matrix δ FCMD

	Figure 2 The situation of a single damage unit on a simply supported beam
	Figure 3 The situation of a single damaged unit of a simply supported beam


As demonstrated in Figures 2(c) to 3(c), for simply supported beams and fixed-ended beams, the maximum values of the FCMD index are not located at the response nodes of the damaged elements. However, the distribution of values at the positions of damaged elements is not consistent with this. Instead, there are also extreme values at the corresponding nodes of other non-damaged elements. Consequently, the precise location of the damage remains undetermined.
As demonstrated in Figures 2(d) to 3(d), under both operating conditions, the diagonal vector δ FCMD of the flexibility difference curvature matrix of the structure attains its maximum value exclusively at the nodes 40 and 41, which belong to the damaged unit 40. In contrast, at other non-affected unit nodes, the δ FCMD values are negligible, and the curve mutation is highly significant. Consequently, the δ FCMD index is more effective than the δF, RFD, and RFCD indices in determining the position of the damaged unit.
4.2 Four unit damages
Using the engineering beam model, at this time, it is considered that multiple elements have different degrees of damage. Taking the example of a structure with four damaged elements, assume that elements 20, 40, 60, and 80 have different degrees of damage, with their stiffness decreasing by 20%, 60%, 40%, and 20% respectively, and they are respectively denoted as α20, α40, α60, and α80 (α + damage element number). Under the free-supported and fixed-supported two working conditions, based on the first three modal parameters of the structure, the three indicators of damage structure flexibility difference curvature δ FC, uniform load surface curvature difference ULSC, and flexibility difference curvature matrix δ FCMD can be calculated. Their change curves are respectively shown in Figures 4 and 5.

As demonstrated in Figures 4(a) and 4(b), for simply supported beams, the δ FC and ULSC indicators are only capable of indicating units 40 and 60 with severe damage. In the case of units 20 and 80, which exhibit reduced levels of damage, the sudden fluctuations in their indicator values are not readily apparent, thereby complicating the process of damage identification. As demonstrated in Figures 5(a) and 5(b), for fixed-supported beams, the δ FC and ULSC indicators can only indicate units 40 and 60 with severe damage. The identification of damage to units 20 and 80, which exhibited less damage, presented a more substantial challenge.

As demonstrated in Figures 4(c) and 5(c), for both simply supported beams and fixed-ended beams, the δ FCMD index exhibits a substantial alteration in the corresponding curve at the damage node. This can accurately indicate the presence of damage at a certain unit and, from the height of the curve's protrusion, quantitatively determine the degree of damage to the unit, that is, the change in the elastic modulus. For instance, at unit 40, the curve demonstrates the most substantial change, indicating the most severe damage at this unit. Units 20 and 80 demonstrate minimal curve protrusion and equivalent protrusion heights, indicating that their damage degrees are comparable and the damage is minimal.

As demonstrated in Figures 4(c) and 5(c), it is evident that the numerical values of the diagonal elements of the curvature matrix, designated as δ FCMD, may exhibit slight variations due to the distinct constraints imposed on the structural design, specifically the varied support configurations of the engineering beams. However, it is noteworthy that the curvature curve shapes, which are contingent on elements and nodes, remain essentially congruent. Furthermore, the magnitude of the sudden change in the curve's elevation is found to be a reliable indicator of the element's damage severity. It is important to note that these advantages are not possessed by the δ FC and ULSC indicators.
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	(a) Flexural difference curvature δ FC
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	(b)Uniform Load Surface Curvature Difference (ULSC)
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	(c)Flexibility difference curvature matrix δ FCMD

	Figure 4 The situation of the four damaged units of the simply supported beam 
	Figure 5 The situation of the four damaged units of the simply supported beam



5. CONCLUSION AND PROSPECTIVEs

The methodology employed in this paper involves the utilisation of flexibility matrices both prior to and following the occurrence of structural damage. Successive row and column differences are then calculated on these matrices to derive the flexibility difference curvature matrix. Subsequently, the diagonal elements of this matrix are utilised as a novel indicator for detecting structural damage, designated as δ FCMD. The numerical analysis results of damage identification for engineering beams with different support forms demonstrate that this method has the advantages of accurate damage location, easy identification, and wide applicability. It is applicable to both simply supported beams, fixed-supported beams, and situations where single location damage and multiple damages coexist. Furthermore, the low-order modal information of the structure is sufficient for this purpose (i.e. the first three modes), thus enabling a sensitive response to different positions and levels of damage, including minimal damage. Concurrently, the findings of the present study demonstrate that a comparison and analysis of existing indicators, such as flexibility difference, flexibility change rate, flexibility difference curvature, flexibility curvature ratio, and uniform load surface curvature difference through numerical simulation, reveals that this indicator possesses a substantially superior capacity to localise damage and evaluate its severity when compared to existing indicators.

Although the δFCMD index based on the flexibility difference curvature matrix has demonstrated superior damage identification performance in numerical simulation analysis, actual engineering environments are often much more complex. To further promote the engineering application of this method, future research can be conducted in the following areas:
1) Noise Resistance and Experimental Verification: Actual measurement data inevitably contains environmental and instrumental noise. Future studies should conduct laboratory scale-model tests and field tests on actual engineering structures to verify the robustness and effectiveness of the δFCMD index under conditions of measurement noise and incomplete modal data.
2) Application to Complex Spatial Structures: This paper mainly verifies the method based on planar frame structures and one-dimensional beam structures. Subsequent research could attempt to generalize this index and the finite difference algorithm to the damage identification of complex three-dimensional spatial structures (e.g., large-scale trusses, spatial grids, and plate-shell structures)
3) Environmental Factor Compensation Mechanisms: The flexibility and modal parameters of actual in-service structures are significantly influenced by environmental factors such as temperature and humidity. Future research could deeply explore how to effectively separate the flexibility changes caused by genuine structural damage from those induced by environmental variations, thereby enhancing the practical value of this method in long-term health monitoring.
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